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1. Introduction

Density-functional theory (DFT) is currently the method of choice for first-principles
simulations of many materials due to the balance that it achieves between two competing
requirements: on the one hand, a sufficiently accurate treatment of electron correlation
for many purposes; on the other, a relatively modest computational cost that allows
simulations of a few hundred atoms to be performed routinely. The plane-wave
pseudopotential (PWP) method [1] is the workhorse for materials simulation based
on DFT because of the simplicity of the plane-wave basis set that can be improved
systematically using a single parameter, the energy cut-off E.; the efficiency with
which the operation of the Hamiltonian can be performed using fast Fourier transforms;
and the use of the pseudopotential approximation to reduce the size of basis set required.

In common with all traditional implementations of DF'T, the PWP method scales
asymptotically in proportion to the cube of the system-size, as quantified for example
by the number of atoms N, due to the orthogonality constraint on the single-particle
wave-functions. Although this O(N?) scaling compares favourably with correlated wave-
function methods, it still limits the maximum system-size accessible to DFT and slows
the rate at which improvements in computer performance can increase that limit. Over
the last two decades there has therefore been much interest in the development of
linear-scaling or O(N) methods for DFT [2]. For materials with a band gap, i.e.
semiconductors and insulators, these methods exploit the nearsightedness of many-
particle quantum mechanics that leads to the spatial localisation of quantities such as
the Wannier functions and density-matrix [3]. Hence local orbitals play a fundamental
role in the description of the electronic structure within linear-scaling methods.

The plane-wave basis set as originally conceived is incompatible with linear-scaling
methods since basis functions that extend over the entire simulation cell cannot sensibly
be used to expand local orbitals (although basis sets equivalent to a set of plane-waves [4]
have been used successfully to optimise local orbitals [5] with plane-wave accuracy [6]).
Localised basis sets employed in linear-scaling methods fall into two categories. Atomic-
like orbitals e.g. Gaussian type orbitals [7], Slater-type orbitals [8] and numerical atomic
orbitals [9] are relatively small in size. Basis sets consisting of larger sets of primitive
functions e.g. splines [10], Lagrange functions [11] and real-space grids [12] have the
advantage that they may be refined systematically. The localised spherical-wave basis
set was proposed for linear-scaling methods [13] and successfully demonstrated in both
O(N?) [14] and O(N) [15] schemes. The rationale for this choice of basis is to obtain a
set of localised functions that still retain some of the advantages of plane-waves, such
as systematic control (in principle via the same single parameter E.,;) and suitability
for use in tandem with the pseudopotential approximation.

Analytic results for the two-centre overlap and kinetic energy matrix elements have
previously been derived [13] that enhance the accuracy and potentially the performance
of calculations employing spherical-waves. However this approach suffers from very poor
scaling with the maximum angular momentum /,,,, included in the basis — typically
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lmax! scaling — that increases the computational cost and in practice restricts £, to
three at most. A projection method has also been outlined for treating the non-local
pseudopotential matrix elements without the need for the Kleinman-Bylander separation
[16] which did not however account for the discontinuity of the basis functions caused
by localisation.

This paper revisits the previous analysis and addresses both deficiencies. Section 2
defines and motivates the localised spherical-wave basis set. In section 3 an approach

is presented that leads to analytic results for the overlap and kinetic energy matrix
6

max*

elements whose implementation scales as ¢ In section 4 the projection of basis
functions localised within one sphere onto another is treated taking all terms into account
and leading to an alternative method for the calculation of two-centre integrals and a
particularly simple result (22) for the kinetic energy matrix elements. In section 5
particular examples of matrix elements are calculated by both methods and compared
against numerical results. The computational costs of both methods are compared.

Finally in section 6 methods for tackling three-centre integrals are presented.

2. Localised spherical-waves

The pseudopotential approximation combines the strong nuclear Coulomb potential and
core electrons to produce a much weaker energy-dependent non-local potential with
smooth valence wave-functions that lack the high frequency oscillations in the core
region originally required for orthogonality. The choice of a plane-wave basis is justified
by viewing this ionic potential as a perturbation of the free electron system whose
Fourier transform decays rapidly as the wave-vector q increases.

In deriving a localised basis set suitable for calculations within the pseudopotential
approximation, it is therefore desirable to retain a connection with plane-waves by
seeking solutions of the same free electron Schrédinger equation, the Helmholtz equation

(V2 + %) o(r) =0, (1)
here written in Rydberg atomic units where the energy E = ¢*. Plane-waves exp (iq - )
arise when periodic boundary conditions are applied, and the basis set is truncated by
including only those for which ¢*> < E.,. Suppose instead that homogeneous Dirichlet
boundary conditions are applied on the surface of a sphere of radius a, centred on the
origin. The solutions take the form of truncated spherical-waves

U(r) = jelqr)Yem () H(a — 1) (2)
where j,(x) is a spherical Bessel function of the first kind, Yy,,(€2) is a spherical harmonic
and H(z) is the Heaviside step function. ¢ and m are the usual quantum numbers
for angular momentum, and the allowed values of ¢ are determined by the boundary
condition js(ga) = 0. Q denotes the pair of angular spherical polar coordinates (1, ¢)
of the point r.
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It is anticipated that in a practical calculation overlapping spherical regions o of
radius a,, will be centred on each atom at position R,,, containing basis functions denoted
by

on,n@m('r - Ra) = jf (Q(x,né ’7‘ - Ra') Yvém (QT—RQ) H (aa - ‘T - Ra‘) . (3)

Here n is the principal quantum number that labels the allowed values of ¢ for a given
U: Qone is the n-th root of the equation j,(qa,) = 0.

The energy of such a localised spherical-wave is Eq, pmm = qfwg and so as for plane-
waves this basis set may be truncated by including only those functions with energies
less than F.,. This condition also specifies a cut-off on the angular momentum of the
basis lcut,o in sphere a but sometimes it is desirable to impose an independent global
limit £ ax.

3. Two-centre integrals

Two-centre integrals required for any electronic structure calculation include the overlap
and kinetic energy matrices. The latter can be particularly difficult to evaluate
accurately in the case of orbitals that are localised in space. By way of example, consider
the overlap matrix elements between two basis functions, where the composite indices
A ={a,nfm} and B = {3,n'¢'m'} have been introduced:

Sap= [ Xalr—Ra)xulr — Ry)d'r 4)
all space

Following [13] this is identified as a cross-correlation which can be evaluated using
the Fourier transform of the basis functions given in (A.1):

Sap = qaaZ jo—1 (qaas) QBG% Jo—1(qpag) Iap (5)

where the integral

[AB = 8 Z Z 1)\ eJrély* QRD(,B) /}/Z;q(Qk) n’m’(Qk> Y)\,u(Qk) ko

A=0 p=—A
/ Je kaa Je kaﬁ) Jx (KRap)

qa) (k* — q%)
and R, = Rs—R,. Talman [17] has generalised this Fourier transform-based approach

k2 dk (6)

to numerical basis sets.

At this point the analysis departs from [13] and the angular integral is written as
a Clebsch-Gordan coefficient. It is non-zero only for [{ — /| < X<+ 0 L =0+ + )
even, and g = m — m/, simplifying the sums in (6).

For the radial integral consider the expansion of the spherical Bessel functions in
terms of spherical Hankel functions as given in (A.3). As the integrand is even, the
integration limits are expanded to yield:
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_1 k? (1) (2) (1) (2)
Tapu =5 /_ R |1y (kaa) + by (kao) | (b (kag) + by (kag))|
x (15 (kRag) + B (kRag) | dk. (7)

This integral may be evaluated using the calculus of residues by writing it as a
contour integral for complex k that runs along the real axis and is closed in the upper or
lower half-plane as appropriate. Except for the case £ = ¢/ = \, there is a higher order
pole at the origin £ = 0. Extra terms may be added to regularise the integral which
cancel when all of the contributions are summed. The contribution from the resulting
simple pole at k = 0 is:

o (=) 2 (20)! (20)! (2))!
ABAR QL L N LY gBalt ! ghaly T R

+sgn(as + ag — Rap)(ag + ag — Rag) +sgn(a, — ag + Rap)(aa — ag + Rag)

- Sgn(&a +ap + Raﬂ)(@a +ap + Raﬁ)

+sgn(—as + ag + Rop)(—aa + ag + Rag)L] (8)

Defining A*) = A and A=) = h®), the contributions from each of the remaining
four simple poles (at k = +q4 and k = £qg) are divided into eight terms Jﬂi, where
the subscript indicates the kind of spherical Hankel functions in the order they appear
n (7). Also defining R4+ = Fa, £ ag £ Rap, the poles at k = ¢4 together contribute

JEa) _ 1T qa
2(q3 — q3)

Tt =
CionRess < (igaRiss)® (%) (+) ()
X |1 —eamess ZT sen(Ress) by (qaaa) by (qaag) by (qaRag)

—1 R
—( tiafte Z Q)) sgn(Raits) hy™ (qaaa) By (qaag) BT (qaRag)

(9)

with a similar expression for +¢qg, obtained by exchanging ¢4 <+ gp. The radial integral
is obtained by summing up all contributions for all poles.

Note that for R.3 > a, + ag the overlap integral must vanish. This fact is not
obvious from the above expressions, but arises from complete cancellation between all
of the contributions.

The kinetic energy matrix elements may be obtained in a similar manner

Tap = — Xa(r = Ra)Vixp(r — Rg) d’r (10)
all space
which simply introduces a factor of k% into the radial integral of (6). The same analysis
can be made except (i) the sums over s in (9) run only up to L — 3, (ii) an extra factor
q% or ¢4 occurs in (9) for the contributions from the poles at +q4 and +¢p respectively,
(iii) the integrand in (7) only has a pole at k = 0 when L > 2.
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4. Projection of basis functions

Consider the projection of a function centred in its own “home” sphere into a different
“host” sphere centred elsewhere as illustrated in figure 1. The evaluation of the overlap
integral then becomes trivial. This method is based on the one described in [13], but
includes a contribution from the discontinuity in the first derivative of the basis functions
at the boundary of the sphere that proves to be crucial.

host sphere

home sphere

Figure 1. Diagram of home and host spheres with coordinate systems defined on
each. - - - - indicates the surface on which f is evaluated, — - — indicates the surface
on which d is evaluated.

The basis functions are of the form given by (3), and direct substitution into the
Helmholtz equation (1) yields, after some manipulation that exploits the fact that the
right-hand side vanishes except at the boundary of the sphere r = a,,

(V? + q)xa(r) = =i (Q) 6(aa — 1) ga je-1(qar) = da(r). (11)

The sphere « is called the “home” region of x4 and is taken to be centred on the
origin. Consider a second “host” sphere § which contains its own set of basis functions
{xB}. The projection requires the expansion of x4 in terms of the {yp} i.e. from the
home to the host sphere. As in [13], the uniqueness theorem for the Helmholtz equation
is invoked which means that the projected function is uniquely determined by the
boundary conditions on the surface of the host region. The inhomogeneous Helmholtz
equation (11) may be solved using the formal expansion of the Green’s function subject
to the inhomogeneous boundary conditions arising from the fact that x4 will not in
general vanish on the surface of the host sphere:

xa(r' = ag) = xa(lr — Rap| = ag) = fa(). (12)

Unprimed coordinates refer to the home sphere a while primed coordinates refer
to the host sphere # and are measured with respect to Rg. The solution of (11) subject
to the boundary conditions (12) is required. First, the boundary conditions are made
homogeneous by introducing the function

na(r) = xa(r) — fa(2). (13)
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The functions na, d4 and f4 are now decomposed into the angular momentum
components of the host sphere e.g.

M (') = [ V() na(r' + Rog) a2 (14)

reducing the problem to a set of radial differential equations:

1 d d 0 +1)
[7’/2 dr! (ngr’) + q?A - 7”21 NAem! (7“/)

N 0+
= dapm (") + ng vt — QoA (15)

Next, the homogeneous equation is solved to obtain the normalised eigenfunctions
used to determine the Green’s function G(r’,r") given by

[e.9]

G =3 Je(gsr’) je(gr”)

. : (16)
w21 (303 531 (gmas) | (3 — 43)

This leads to a particular integral for (15) of the form

a6 1 ,€/ gl + 1 / 1 " "
/0 [dAym/(r )+ <(7”’2) — q,24> fAym/] G(r' ") r" dr”. (17)

The evaluation of d4 ¢, is straightforward, yielding

N 4a0aje-1(gaaq) , (& —m)l(t' —m/)!
daom (') = Rt $ (20+1)(200 +1) (£ m( -

2 2 2 2 2 2
S "+ Rip — ag, pr e (18)
¢ 2 Rag ! ¢ 2 Raﬁ Qg ’

where we have assumed that the vector R,z joining the centres lies along the z-axis. If

that were not the case, a simple coordinate rotation that mixes the spherical harmonics
is necessary. In this configuration the host and home coordinate systems are simply
related. Since 1 is constrained to describe points on the surface of o that lie inside (3,
|Rop — ao| < 1" < min(R,s + aa,ag), corresponding to the values of ' for which the
associated Legendre polynomials are real-valued.

The integral fa g, has a similar form to that part of (17) involving da gy, and a
general method for its evaluation is presented in Appendix B. These results can now be
used to calculate the overlap integral Syp by projecting x4 into (8

o

Xa-p(T Z Z (e (r') + faem) Yo (), (19)
—0m/=—0'
where x5 # x4 as the basis set in 3 is not complete — for example x4_.5 vanishes
over the surface of 3 whereas x4 does not in general. x4_.3 is the closest function to
X4 in a least-squares sense for points r in 3. S4p is then given by
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'/ as v +1 . ’ ’
Sap = Sapw /0 ' << ) QJ23> Je(gpr’) dr

G- db r?

1 min(Rog+aa,ag) ]

ﬁ/ " jo(gpr’) daemy (r') dr’ (20)
a4 — 4B JIRap—aal

where the integral involving da ¢, is of the same form as (B.1).
In order to evaluate the kinetic energy matrix elements, consider

Tap=— | xﬂﬂvﬁﬂﬂ$“=/n Xa(m) g xs(r) () = dp(r)| d*
all space all space
= q% Sap — /11 i (r)dp(r') d*. (21)
all space

The second term may be calculated by projecting y 4(7) into [ leading to a particularly
simple form for the kinetic energy matrix elements:

Tap = qp Sap + 4B a5 jo-1(qBag) faem = ¢4 Sap + qa as jo-1(qaaa) f5.0m- (22)

5. Results and scaling

5.1. Accuracy

In this section both overlap and kinetic energy matrix elements calculated using both
methods above are compared with numerical results. In all examples a, = 3 and ag = 4
arbitrary units. For the numerical evaluation of the kinetic energy the symmetric form

Tip = /11 Vxi(r —R,) - Vxs(r — Rp) d3r (23)
all space

is used with the gradients calculated by finite differences.

Figure 2 shows the variation of the overlap matrix elements between selected basis
functions as a function of separation. The matrix element vanishes correctly when
Rop > aq + ag.

Figure 3 shows the variation in kinetic energy matrix elements for the same
selection of basis functions as in figure 2. The fact that the overlap and kinetic energy
matrix elements are clearly not proportional highlights the contribution arising from the
discontinuity of the basis functions at the sphere boundaries.

From these plots it is clear that the analytic results from both methods are both
in generally good agreement with the numerical estimate, with some differences, most
notably in figure 3(c) attributed to the difficult of accurately calculating kinetic energies
of localised functions by finite differences [18].
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20 T | T | T | T
» Residues | 4
Projection
L0 x  Numerical ||

Overlap integral (arb. units)

2 4 6 8
Ry (arb. units)

-0.5
0

Figure 2. Overlap integrals as a function of the centre separation R, using the

residue, projection and numerical methods. (a) £ = ¢/ = 0 and n = n’ = 1. (b)
¢=0=0andn=n"=2. (¢)f{=0=1landn=n"=1. (d)¢{=¢ =1 and
n=n'=1.

5.2. Scaling

For simplicity assume that the maximum angular momentum component for all spheres
is £max. The size of the basis set increases as (£max +1)? and hence the number of matrix
elements to be calculated scales asymptotically as £1 .

For a single matrix element calculated using the calculus of residues as in section 3,
the computational effort is dominated by the sums over s in 9. Together with the
sum over A from the expansion of exp(ik - R,p) this yields a theoretical computational
cost for the worst case matrix element that scales as ¢2 .

Hankel functions h(V)(z) and h(?) () using Lentz’s method for continued fractions would

Evaluation of the spherical

introduce another factor of /.., to the scaling, but a cubic spline can be fitted to avoid
this. Overall the construction of the overlap and kinetic energy matrices scales as £5 .
For the projection method in section 4, in the evaluation of both f4 ¢,y and da gy

there appear a number of sums which dominate the calculation. For the worst case
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0.6 b | | ' | ' [ I
Residues
Projection |

0.4

x  Numerical |_|

0.2 -

0.0} @

0.4

0.2

0.0

Kinetic integral (arb. units)

R (arb. units)

Figure 3. Kinetic integrals as a function of the centre separation R,g using the

residue, projection and numerical methods. (a) £ = ¢/ = 0 and n = n’ = 1. (b)
t=¢=0andn=n"=2. (¢)f{=0¢=1landn=n"=1. (d)¢=¢=1and
n=n"=1.

6
max

the overall scaling of £}° . The asymptotic scaling of both methods is confirmed by the

max*

(m = 0) the calculation of a single matrix element scales as (2 and this determines
results shown in the main graph of figure 4.

In [13] the two-centre integrals were calculated by performing ¢ + ¢’ derivatives
of a radial integral, a method which potentially scales exponentially with ¢, unless
the majority of terms can be combined or cancel. Both methods derived here scale
favourably compared to that approach. The inset of figure 4 shows the speedup obtained
with a straightforward implementation of both methods proposed here relative to the
original optimised code based on the approach of [13] for small values of £. In spite of the
poorer asymptotic scaling, the smaller prefactor of the projection method suggests that
it may be the preferred approach for practical calculations where reasonable accuracy
may be obtained with £,,., = 3 as shown previously [14, 15].
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Figure 4. Logarithmic plot of computational time against £ = ¢’ for the evaluation of
a single overlap matrix element. The residue method scales as a power of 2 while the
projection method scales as a power of 6. Inset: speedup of both methods proposed
here compared to the original scheme of [13] for small .

6. Three-centre integrals

The projection method can of course be carried out more efficiently by using the overlap
matrix elements obtained from the first method. Write (19) in the form
Xa—s(r") = Conp Xgaau(r') (24)
VAL
and therefore using the orthogonality of the basis functions in :

1 5.
Sap = §a% Jo-1(apag) Cpeme = Copny =

2548
a% je2/—1(QBaﬂ) .

Now consider a three-centre integral such as the non-local pseudopotential from a

(25)

single atom in semi-local form:
Var = D2 YV Va(r”) (Yol (26)
Ap
where the spherical harmonics are centred on the atom, r” is the distance from the atom

and V) (r") vanishes beyond the core radius i.e. for 7’ > a.. V) may thus be expanded
in spherical Bessel functions within the core i.e.

VA" = Vir da(@enr”)

v=1

S V- [V ) 7 27

a2 j3-1(Geprac) Jo
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where ¢, satisfies jx(geprac) = 0.
Introducing the composite index C' = {c,vA\u} to label a spherical-wave basis in

the core,
VAL = > Ixe) Vo (xe| (28)
12707
where
W )
Vi = (Xc| NL|XC’> (29)
(xelxe)(xerlxer)
Hence
VLB = > SacViuaScs (30)

v/ A

reducing a three-centre integral to a sum of products of two-centre integrals. Exactly
the same result may be obtained by projecting x4 and x g onto the core sphere and then
performing a one-centre integral.

7. Conclusions

Two analytical methods for the evaluation of overlap matrix elements between localised
spherical-wave basis functions have been presented. Both methods may be extended
straightforwardly to the evaluation of the kinetic energy matrix elements. The
complexity of three-centre integrals can be significantly reduced. The results for the
two methods agree with each other and numerical integration.

The method that uses the calculus of residues is more efficient computationally (if
less elegant) than the projection method, but both are more efficient than the method
originally proposed.
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Appendix A. Standard results

This appendix lists published results [13, 19] used in the analysis in this paper.
The Fourier transform of a basis function x4 is given by

Ta(k) = 4miYom () /0 " uqr) jolkr) 2 dr (A1)

and the cross-correlation form of the overlap matrix involves

B 20 R, Jelkaa) jo(kag) . \
Lap = T /e (k2 — ¢%) (k2 — q%)Yem(Qk) Yo (S%) d°k. (A.2)
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The spherical Bessel function can be expanded in terms of the spherical Hankel
functions of first and second kind, hél) and hf) respectively, according to

. 1
jelz) = 5 [ (2) + 12 ()] (A.3)
Also, the Hankel function of the first kind can be represented as
iz ¢ ;8 / + S)'
BV () = (i)t P A4
l (Z) ( 1) ZS!(QZ)S (6—8)" < )

z s=0

and for real argument hf)(z) = hél)*(z).

Appendix B. Integral evaluation

The integral f4 g, has a similar form to that part of (17) involving d4 g :

v (14wt =22\ (1= =22
fA,E’m/ = /|1_ lpg/ () Pg ( jg(qAagz)ZdZ, (B.l)

2u 2uz

where u = R,p/ag, v = a,/ag and z = v/1 + u? — 2ucos ), and the integral
min(Ry3+aa,a3) , r? + R2. — g2 r2 — R2 g2
ppl——= ) pr 2 o) g, r)rdr, B.2
/|Ragaa ¢ < QRQBT ¢ 2Raﬁaa ) Je (qB ) ( )

where prefactors have been omitted in both expressions. Again, it has been assumed
that the z-axis is aligned with R,z so that the ¢’ integral yields 276,,,,,» . The evaluation
of farm is used as an example with final solution:

_ 1 ag o / (£ =m)!(t" —m)!
Tatm = g Ry <2Ra,@> J(ZH R (€ +m)!(¢" + m)!

I_(f—m)/2J ( ) Z—m—2p (6 —m = 2p> \_(f’—m)/QJ ( /) f/_m—2p’ <£{ —m — 2p/>

XD i Y Yo Com D

p=0 k=0 k p’'=0 k=0 K
m~+p+p’ 1\ m+p+p’ /
m+p+p m+p+p K
X Z < L ) Z ( L ) (_1)
k' =0 k' =0

£—m—2p—k V' —m—2p'—k' ’_ g I
X (1 — u2) ” (1 + u2> ” (1 + )2 HPH =R (g ) 2Ompe =)

- —04+2(K—s) _ T 4
X { SZ:% (2s)! (¢ — 2s 4+ 1)! (2qaap)?s /|u_1 < sin (qAaﬁz 5 ) >

L(e=1)/2] (=1)°(¢ + 25+ 1)! v 4
: —0—142(K—s) ~_ )4
+ ; (25 + D)1 (0 — 25)! (2q4a5)2 ! /|u1| ‘ o8 (‘-’AW 2 ) Z} )

(B.3)

where K = k+k'+ k" + k" and the expression given in [20] for the associated Legendre
polynomial with the corresponding notation is used, and the expression used for the
spherical Bessel functions is:
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N (—1)k(0 + 2k)! _ i
Jez) =2 2 (2k) I T(C— 2k + 1)(22)2% <Z - 2)

L(¢—1)/2] (—l)k(€+2k+ 1)! COS( 7T€>
P

i lg) (2k + D)IT (0 — 2k)(22)2k+1

(B.4)

The last two integrals have argument sine or cosine times an integer power, with

trivial solution. If the integer power is negative, the expressions result in sine or cosine

integrals, but the limits are such that no convergence problems arise.
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